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Sin and Cosine Graph Visualization
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(Diffraction and scattering does not occur at
plane boundaries of infinite extension. This happens
at edges and corners or on rough surtfaces.)



AQ = psAS = D,,AS — D,, AS

Dln - D2n = Ps

min; t eq. (5.59) is based on the assumption that DTS rom region 2 to region

1 and eq. (5.59) must be applied accordingly. If no free charges exist at the interface (i.e.,

charges are not deliberately placed there), ps = 0 and eq. (5.59) becomes

D]n = D2n

(5.60)

Thus the normal component of D is continuous across the interface; that is, D, undergoes

no change at the boundary. Since D = £F, eq. (5.60) can be written as

leln = 82E2n

(5.61)
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Charge accumulating on a boundary can affect £, not E|.
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(b)

As Ah — 0, eq. (8.42) leads to
H,, — Hy =K (8.43)

This shows that the tangential component of H is also discontinuous. Equation (8.43) may
be written in terms of B as

B B
e (8.44)
M Mo
In the general case, eq. (8.43) becomes
(Hl - Hz) X anlz = K (8.45)

and is directed from medium 1 to

current density), K = 0 and eq. (8.43) becomes

_ B, _ By
Hlt - H2t OI' = T (8-46)
/ M %)

e media are not conductors (for K is free

~

P. Current on the boundary can affect B I not@
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Reflection and Refraction
0%

Law of

Bl ~
. ///@E i = Q| W Reflection

¢ The law of reflection states that when a ray of light reflects off a surface, the
angle of incidence is equal to the angle of reflection.

sino @/iD V1€ Snell’s Faw of
sin k. \/m Refraction W

¢ Snell's law is a formula used to describe the relationship between the angles
of incidence and refraction, when referring to light or other waves passing
through a boundary between two different 1sotropic media, such as water,
glass, or arr.



. ) "Y N
,‘@, Reflection and Refraction l\l s »

Perpendicular Polarization

™ A

*** The electric field 1s_perpendicular to

the plane of incidence and the magnetic
field 1s parallel to the plane of incidence.

i — =y

El jtan — E2 ;tan / -
/___.?J Hl,tan = H2,tan \/
and this can be written with incident, reflected and transmitted waves and angles o; = o, = o,
Qt = 09 as

LBl + Bl )= Bl A~ (4.96)
/ ( Dosal T0||cosa1 = Hycosay (4.97)
-_—
w

Please note that the directions of the field vectors can be arbitrarily chosen. It is only required
that E x H points into the direction of propagation, i.e., the Poynting vector has be in parallel
to the respective wave vector k, and not anti-parallel.

With the wave impedances Z1 and Zs (Z1 = \/u1/€1, Za = \/12/€2), €q. (4.97) can be written

as

cos o COS (9

Eii —Enl) = = 4.
(Eior — Erol) 7 0T (4.98)
By inserting eq. (4.96) into (4.98) we get
cos CoS &
(Bior — Evo1)—— = (EigL + Eyo1) —— (4.99)
Z1 Zs W

From this relation we can derive the reflection coefficient of the incident wave for perpendicular

polarization:
m Zycosay — Z1 oSy v (4.100)
— Zycosay + Z1 cosay '




Reflection and Refraction

Perpendicular Polarization

Aﬁ —

T

4 T

**%* The electric field i1s perpendicular to
the plane of incidence and the magnetic
field 1s parallel to the plane of incidence.

Solving the boundary conditions yields the
reflection and transmission coefficients:

ErOL Zg COS v — Zl COS (x9 \
,'_L = p—
E-iOL ZQ COSs v + Zl COS (x9

/" perpendicular
polarization

@: 2 \/Z 1 L9 COS (x] COS (x9 \/
Zo cos o + 21 cos ag

t2 412 =1

perpendicular
polarization

power
balance
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Reflection and Refraction

Parallel Polarization

El,tan = E2,tan

Hl,tan = H2,tan

According to Fig. 4.15 the boundary condition for the magnetic field reads

Hip = Hyor = Hiol o
or with the impedance Z; for medium 1 and Z; for medium 2
By — By _ B
Al Z9 wW

and the condition that the tangential electric field components have to be continuous yields

(4.103)

(EzOH + Er0||) cosay = Et0|| COS (¥ Py (4.104)

Replacing Eyy| by combining these two conditions, we obtain the reflection coefficient for parallel
polarization:

Ev  Zycosoy - Zycosay
Ei0|| Z9 oS + Z1 cos o \/(/

(4.105)

"=

*** The magnetic field 1s perpendicular to
the plane of incidence and the electric field
1s parallel to the plane of incidence.




Reflection and Refraction

Parallel Polarization

Solving the boundary conditions yields the
reflection and transmission coefficients:

Evo  Zaycosas — Zy cos oy parallel
v,. — = . L4
L Eio  Zacosag + Zycosay polarization
2 \/ Z 1 ZQ COS (v1 COS (v parallel
1= Z cos oy + Zs cos g polarization

t2 + ,',,2 — 1 power

balance

*** The magnetic field 1s perpendicular to
the plane of incidence and the electric field
1s parallel to the plane of incidence.
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Reflection and Refraction

4.6.3 Metallic, non-magnetic medium (medium no. 2):

)
(£
Eqo)) /(0* 02(— ;/ \ parallel
E 0| (os v ZH- Zvc //\,{ polarization
2VZ 1@:@5 (v COS a/ parallel
=7 L cos ay + Zo cos & polarization

E.o1.  Zycosay — Zy cosay

ry o=
E; ZQ CcoS a1 + Zl COS (x9
0L

t) =

O\ /
2/ Z{Zy)cos aq cos vy A

75 cos oy + Z1 cos ab

perpendicular
polarization

perpendicular
polarization

5

— g
E=e—Ju R
T, = 7“||=—1
(t2) = (4)=0
~) AT

The incident wave is totally
reflected.




Evo|  Zycosas — Zy cosay parallel
,. — — . .
i Eio  Zacosag + Zycosag polarization
4 2 \/ 2129 COS (v] COS (v Parallel
= Z, cosay + Zy cos ag polarization
E.o1  Zycosay — Zycos a#\ perpendicular
rl = — . .
Eio1  Zycosay + Zycosas polarization
; 2\/ZZs cOs ary COS vg perpendicular
_L s . .
Z3 cos o + Z1 cos g polarization

dielectric media:

V@2

2 S;V\o(! = EZ Sll/\p(L

Zy _ fy/er _ [e2

Sin orq

Sin oo

"

(r)
@)

Sin (vg COS (x1 — SIN (v1 COS (¢

_ sin(ag — o

sin ag cos a1 + Sin v CoS g

Sin (vg COS (xg — SIN (v1 COS (¢

~ sin(ag + oq

)
Y

sin a9 cos g + sin v CoS g

(=)

_ tan(az — a1)
 tan(ag + al)

T

r

— sinag — a1 perpendicular
sin(ag + ay) polarization
~ tan(ag — aq) parallel
= Tan(os +a1) polarization
tQ -+ 7’2 — ] Power balance!!
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Perpendicularly impinging wave: %

v/sin?(ag + ) — sin?(ag — a)

et al] (4.117)

t, =

Vtan?(ag + a;) — tan?(as — aq)

4.11
tan(ag + 1) (4.118)

) =

The special case of a perpendicularly impinging wave with a; = 0° results due to Snell’s law
in an angle of the transmitted wave of as = a1 = 0% In thiScase eqns. (4.115) and (4.116)
cannot be applied. Instead, we have to take the formulas in eqns. (4.100) and (4.105) and find
with a; = a9 = 0° that both reflection coefficients are equal,

2\/Z1Z5 cos ay cos ap

E.o B Z9cosSay — Z1COS Q9 _
Z9CcosSo1 + Z1cos s

Ep,  Zycosay + Zp cos o

ry =

&

am—

a-\

€\
\
) 2
9o — (X1 — 0°
D=7,
”I”J_—TH—ZQ_i_Zl
AVNIAVA

41+ Zo

“*For any other impinging angle a1 it cannot happen that 02 = al except for the trivial
case €l = g2 what 1s equivalent to the statement that both media are identical. Then no

reflection occurs.
i

-_—




Reflection and Refraction
4.6.4 Non-magnetic,dielectric media (Brewster’s Angle):
/V 5 /’L 5

One can also see that for parallel polarization the reflection coefficient becomes zero if
a1 + az = T (because tan (Z) — oo):
Zi_ Vio/er [ sinag hid tan(as — «
Zy V1o/e2 Ve osinae 'r“ = tangaz n ai; (4121)
sin(as — «v dicul tan(2ap — I
p o= SRla2 =) pepede _ 200 D) for artar— 2 @.122)
sin(an + aq) tan(7) 2
7
- tan(ag — &1) parallel = 0 f(\);/ o1+ o = 5 (4123)
| ’ — ¢ polarization | — 07
an(az 4 ay) o With eq. (4.114) we get
+on 90 =00 | | |
+2 -4 72 — 1  Powerbalance! S%n o1 €2 _ . S (1 _ Smoq tan ay (4.124)
sin oo g1 sin(r/2—a1) cosa W
\ /“0/51 _siney The angle a1, defined by
Z \/  sina €
2 'uo/62 2 tanay =4/ — | ~ (4.125)
€1 VL
—\
is the so-callqd Brewster’s angle.

N— — 7 \
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Reflection and Refraction
Parallel Polarization with NO Reflection if:

- Brewster Angle

. =0t =1

tan o =

\/

% No reflection occurs if the (parallel polarized) wave has an angle of
incidence that equals Brewster’s angle. In equivalent, Incident waves with
parallel polarization (parallel w.rt. the plane of incidence) are totally
transmitted at a dielectric interface if the angle of incidence equals Brewster’s
angle.

» Brewster’s angle is also called the polarization angle. If an electromagnetic

wave (for example light) of unknown polarization impinges at Brewster’s

angle, the reflected wave can only be perpendicularly polarized because the
parallel polarized portion of the wave will totally be transmitted due to the

Brewster effect.
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Effect of Brewster‘s angle in optics:

Camera W|thout a polarlzer. Camera with a polarizer.
- There is no glass.

(means no reflection has
been found)



4.5 Problem 5

A dielectric medium with a relative permittivity of ¢, = 3 fills the half space y > 0. A plane TEM
wave impinges from free space onto the boundary. —

The wave vector is in the 2 — y plane and the angle incidence (with respect to the normal
vector) is 30°. Sketch the wave vectors of the incident, reflected and refracted waves

a———
alculate the angles of reflection and refraction for angles of incidence of 30° a, re-
spectively. In which planes are the reflected and refracted wave vectors?
c) How much power from an incident, linearly polarized wave is transmitted into the dielectric

medium for an angle of incidence of 30° and tilt angle of ¢ = 45° (i.e., with respect to the
orientation of the linear polarization)?

d) Under which conditions will the incident wave be totally transmitted into the dielectric mate-
rial? Does this hold for all frequencies? Sketch the electric field vectors for this case.

\

¢ v
OM.tdt _ ff,q R (’ii
= 1 ¢ 4 o 4
MW, = — -4 . y R _—
¢ Y3 ,j.,mso lx,
D« =M67
A; = 60°
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4.5 Problem 5

A dielectric medium with a relative permittivity of £, = 3 fills the half space y > 0. A plane TEM
wave impinges from free space onto the boundary.

a) The wave vector is in the 22 — y plane and the angle incidence (with respect to the normal
vector) is 30°. Sketch the wave vectors of the incident, reflected and refracted waves.

b) Calculate the angles of reflection and refraction for angles of incidence of 30° and 60°, re-
spectively. In which planes are the reflected and refracted wave vectors?

@How much power from an incident, linearly polarized wave is transmitted into the dielectric
medium for an angle of incidence of 30° and tilt angle of ¢ = 45° (i.e., with respect to the
. . . . . _—
orientation of the linear polarization)?
d) Under which conditions will the incident wave be totally transmitted into the dielectric mate-
rial? Does this hold for all frequencies? Sketch the electric field vectors for this case.
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4.5 Problem 5

A dielectric medium with a relative permittivity of £, = 3 fills the half space y > 0. A plane TEM
wave impinges from free space onto the boundary.

a) The wave vector is in the 2 — y plane and the angle incidence (with respect to the normal
vector) is 30°. Sketch the wave vectors of the incident, reflected and refracted waves.

b) Calculate the angles of reflection and refraction for angles of incidence of 30° and 60°, re-
spectively. In which planes are the reflected and refracted wave vectors?

c) How much power from an incident, linearly polarized wave is transmitted into the dielectric
medium for an angle of incidence of 30° and tilt angle of ¢ = 45° (i.e., with respect to the
orientation of the linear polarization)?

Under which conditions will the incident wave b(mtallx transmitted intathe dielectric mate-
rial? Does this hold for all frequencies? Sketch the electric field vectors for this case.
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Dielectric Slab with thickness d

incident wave



Dielectric Slab




Dielectric Slab
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Dielectric Slab

‘krl — ’kl‘ wave%}c;nt of reflected wave




Dielectric Slab

1

7 Total reflection of a dielectric slab (e.g., a radome)
&JK with thicknesdd)
—————’/_\l

can be avoided by:

If this condition is fulfilled the power is
totally transmitted through the (lossless) dielectric slab.

*** We have seen that at the case of Brewer’s Angle!




L ossless Dielectric Slab with ¢ = 4.0
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L ossless Dielectric Slab with ¢ = 4.0
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Lossless Dielectric Slab with ¢, = 3.0
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L ossless Dielectric Slab with ¢ = 4.0
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L ossless Dielectric Slab with ¢ = 4.0
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Dielectric Slab with s, = 3.0,tand = 0.004
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Dielectric Slab with ¢, = 4.0,tan ¢ = 0.03




Dielectric Slab with ¢, = 4.0,tan ¢ = 0.03
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Dielectric Slab — Permittivity Measurements




Material Characterization (2 mm slab)
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curve fitting results > d =2.08 mm, g,= 2.30, tan(6) =0.0003



4.6 Problem 6

A dielectric slab has a thickness of hnd a dielectric constant of ¢, = 3.2.

R

alculate the first two frequencies at which the reflection of a perpendicular polarized incident
\_—A

EM wave will vanish. The angle of incidence is 0°. -

Sketch the path of propagation of the incident, reflected and refracted wave for an angle of

O —

incidence of 45°.
——

c) At which angle of incidence does the reflection vanish (for any polarization!) at a frequency
/

of 30 GHz and 33 GHz? —_—
Now, assume a certain frequency and a certain angle of incidence.
d) What happens if the dielectric constant increases to £, = 100 and finally approaches oo?

What is the angle of refraction and how much energy is transmitted?

d';‘_?/h‘vm/ g,r:t?o/o?/

8) Tt for ophtion b . A =il A (omdipincdut
c Z l/f: :9//;/4#'&:%%)
%a ST
7
_;7 =M é—o _(_-.
TR

S sl
m=t: f P it T2Rseys
m =2 % =20 9564 = 5“.5“..90"6/5/3 ‘/

= a, =23.28°

1
V¢4

Shell 4l ess :
s u&v(a__; 4 :\/’—
g TG
ooty = T Y57 =
X R
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4.6 Problem 6

A dielectric slab has a thickness of 3mm and a dielectric constant of ,, = 3.2.

a) Calculate the first two frequencies at which the reflection of a perpendicular polarized incident

TEM wave will vanish. The angle of incidence is 0°.
\

b) Sketch the path of propagation of the incident, reflected and refracted wave for an angle of
incidence of 45°.

@At il _angle of incidence does the reflection vanish (for any polarization!) at a frequency
of (30 GH

Now, assume a certain frequency and a certain angle of incidence.

d) What happens if the dielectric constant increases to ¢, = 100 and finally approaches oco?
What is the angle of refraction and how much energy is transmitted?
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Polarization Ninja Technique T

e Make two cosines @ = $

* Draw the corresponding vectors
* Start from zero. If it 1s 1n between 0 to p1, left handed. If p1 to 2p1,

ight handed. ]
- 7 40 — inearqp)
. - left-hand elliptical polarization,
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7 =
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Dielectric Slab

Total reflection of a dielectric slab (e.g., a radome)
with thickness d can be avoided by:

AQ 1
2 \/a,a _sinZa

d=m m=1,2,...

If this condition is fulfilled the power is
totally transmitted through the (lossless) dielectric slab.

*** We have seen that at the case of Brewer’s Angle!
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The total reflection coefficient of the slab is given by o

—

(1 &)

< o\ _ 4.129
) ~ /v Tiot = 1—r%-e—j2‘1’ \// (4.129)

from which the total transmission coefficient is again calculated with the help of the power balance
assuming a lossless slab,

ztot = 1- Lg/ot NV (4130)
Both total reflection coefficient and total transmission coefficient can be found by analyzing the
signal flow through the slab resulting from the multiple reflections and multiple refractions at both
interfaces of the slab. The so-called signal flow graph theory based on scattering parameters is
applied for this.
Phase ® equals the phase delay resulting from traveling through the dielectric slab itself,

D=ky -d \ ¥ (4.131)

The wave number ko | take y info account the perpendicular portion of the refracted wave
vector because only the pérpendicular and not the parallel portion is reflected,

kot = |k (4.132)

From eq. (4.129) we sge that the total reflection coefficient r,,, becomes zero if

e 72— 4? - (4.133)
N c0nl¥ =
that corresponds to the condition

7
‘@zm-ﬂ" with m=1,2,3,... rLQT_’/LW\ (4.134)

With eq. (4.131) and condition (4.134) we find the optimum thickness d to avoid reflections and
to get total transmission through the slab:

T
d=m-— 4.135
k2J_ \A./ ( )




With the angle of refraction 8 we get

Dielectric Slab o | = Kol cos B _p (4.136)

Y4

The magnitude of wave vector ko is given by ghe wavelength of the refracted wave as:

v
_ V|l d=m-— @ I
LI ) N :
:/\_o‘/a\ﬁ/ (4.137)

where )\ is<the wavelength of the incident wave in free space (or in air).
For |k21| we n

and the condition of eq. (4.135) reads 5“\;\\‘(/\,/ e
~
i Ao Sev (4139
2,/€r cos B V. V%

With Snell’s law ,

sin o

. 4.14
sin 3 ¢ (4.140)

we finally get the thickness d of the slab for total transmissigh (i.e., no reflection) with respect to
the angle of incidence «

-
W dem.20. Y m=12,.. (4.141)




4.6 Problem 6

A dielectric slab has a thickness of 3mm and a dielectric constant of £, = 3.2.

a) Calculate the first two frequencies at which the reflection of a perpendicular polarized incident
TEM wave will vanish. The angle of incidence is 0°.

b) Sketch the path of propagation of the incident, reflected and refracted wave for an angle of
incidence of 45°.

c) At which angle of incidence does the reflection vanish (for any polarization!) at a frequency
of 30 GHz and 33 GHz?

Now, assume a certain frequency and a certain angle of incidence.

hat happens if the dielectric constant increases to . = 100 and finally approaches oc?
W

hat is the angle of refraction and how much energyis transmitted? —

ﬂ{) For /414,;4/%/{/414@ g, M sl / Vo snas %9 D°
4«»4/ % %WWW h«tuﬁ 4/74’ /a-ag 470/04//% Zero
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A%aowu”zj//owc‘r 5 [Z{{.gr: 4 —{-?;Ot /Z

7 . 't""'é;dxcc.
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w1 VRS 0 T EAy Y e owisle aii ~Fo-daslockic
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|k7“ ‘ — |k1 | wave?ront of reflected wave

Reflection and Refraction

4.6.3 l\'gé}tallic, non-magnetic medium (medium no. 2):
z P

£ _,»ZZ)V Cos az( - Z{ CO;/ 01\ parallel

Ej) _%:os aQH- ;WW\ polarization | — —(_)—

0 |b’o

‘ 2\/Z1(f;>&os ] COS a/
=

parallel E =¢€ —J% ~ —]=

Zy cosay + Zycos & polarization

r = r —1
A Ey  Zycosay — Zycosay perpe.ndi.cular /t:? 1 | |
L= EjL  Zycosay + Zy cos as polarization t — t — 0
p: \ _a 1 [l
\_—
b= 22 @oosarcosay peipe.ndl.cula' The incident wave is totally
7 cos g + Z cos ab polarization reflected




4.6 Problem 6

A dielectric slab has a thickness of 3mm and a dielectric constant of £, = 3.2.

a) Calculate the first two frequencies at which the reflection of a perpendicular polarized incident
TEM wave will vanish. The angle of incidence is 0°.

b) Sketch the path of propagation of the incident, reflected and refracted wave for an angle of
incidence of 45°

c) At which angle of incidence does the reflection vanish (for any polarization!) at a frequency
of 30 GHz and 33 GHz?

Now, assume a certain frequency and a certain angle of incidence.

hat happens if the dielectric constant increases to £, = 100 and finally approaches co?
What is theﬂ_&le’of_ﬂmion and how much energy is transmitted?
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